Abstract. We perform a classification of third order integrable systems of evolution equations with respect to higher symmetries. Applying it, we consider polynomial systems that are 0-homogeneous under a suitable weighting of variables with main 
Introduction
Nonlinear equations which are solvable by a transformation to a linear equation or by an inverse spectral transformation possesses various surprising features such as infinitely many symmetries and conserved covariants, and they are integrable [2] . Such models arise in many branches of physics such as classical and quantum field theories, particle physics, relativity, statistical physics and quantum gravity. The difficulty in constructing an inverse spectral transformation had motivated the search for other methods which would identify the equations expected to be solvable by an inverse spectral transformation. These methods which consist of finding a property shared by all known integrable equations are called integrability tests. The existence of an infinite number of conserved quantities, infinite number of symmetries, soliton solutions, Hamiltonian and bi-Hamiltonian structures, Lax pairs, Painleve property, are well known integrability tests.
In most of integrable evolution equations, the right-hand side of the equation is a homogeneous polynomial under a suitable weighting scheme. The system of differential equation is said to be λ-homogeneous of weight τ if it admits the one-parameter group of scaling symmetries (x, t, u, v) −→ (a −1 x, a −τ t, a λ u, a λ v) , a ∈ ℜ + .
In this work we are restricting our attention to 0-homogeneous equations. Let us consider a system of two t-independent evolution equations
where F [u, v] = F (u, v, u x , v x , u xx , v xx , ...) denotes a differential function of u and v. A second system of evolution equations
is said to be a generalized symmetry of (3) if the corresponding flows commute
Here F = (F 1 , F 2 ), Q = (Q 1 , Q 2 ), and D denotes the Frechet derivative. An equation is called integrable if it has infinitely many higher order symmetries. By the triangular system we understand such system which involves either an equation depending only on u or an equation depending only on v. A subclass of symmetry integrable equations which are called completely integrable, further possess infinitely many conservation laws. Complete integrability of an equation is established by proving a compatible bi-Hamiltonian, (or bi-symplectic or Hamiltonian-symplectic operators) defining the Magri scheme of infinite symmetry hierarchy u t i = F i [u] all of which is in conservation law form
with respect to two compatible Hamiltonian (skew-adjoint, Jacobi identity satisfying) operators J and K by the conserved density ρ i [u] which are in involution. Hamiltonian operators are defined to be compatible if their arbitrary linear combinations are Hamiltonian operators also. The dual objects G i [u] are the conserved gradients satisfying
If a nonlinear equation possesses a Lax pair, then the Lax pair may be used to gather information about the behavior of the solutions to the nonlinear equation. Importantly, the existence of a Lax pair is a signature of integrability of the associated nonlinear equation.The term Lax pair refers to linear systems that are related to nonlinear equations through a compatibility condition. The first part of Lax pair is called the scattering problem, that allows the initial-value problem for the integrable equation to be solved exactly.
In his seminal work [8] , Lax suggested a formalism to integrate a class of nonlinear evolution equations. He introduced a pair of linear operators L and M such that
where L and M are linear differential operators, λ is an eigenvalue of L, and φ is an eigenfunction of L. Assuming λ t = 0, differentiating Lφ with respect to t gives
Substituting in from (5) gives that
And therefore
Where [M, L] = ML − LM is the operator commutator. Hence,
is called Lax equation and contains commutative nonlinear evolution equation for suitable L and M. In [1] , it is shown that all scalar evolution equations, which have the form of a conservation law, have a Lax pair with a second order L. For example consider the Lax formalism for the KdV equation
These operators satisfies the Lax equation (6)
if u is solution to the KdV equation:
Many approaches have developed to the classification of integrable equations, but the most successful one is based on the generalized symmetries [10, 14, 11, 5, 12] . Many integrable systems have now been completely classified using this direct computational approach. The scalar equations admit various generalizations to the multi field case and have been often considered in the literature [3, 4, 6, 16, 17] . Many years ago a system of two-component coupled equations with Jordan canonical main matrix 3 √ 5 + 5 0 0 −3 √ 5 + 5 discovered by Drinfeld and Sokolov [3] and later rediscovered by Sakovich and Foursov [15, 7] 
The sysstem (8) is homogeneous if we assign weightings of 2 to the dependent variables u and v, while x− and t− differentiation have weights 1 and 3, respectively. Foursov showed that it has a remarkably unusual behavior. indeed, it does not possess symmetries of orders (at least) 5 and 15. It thus belongs to the first known symmetry hierarchy that starts with the following sequence of order 3, 7, 9, 11, 13, 17. Recently bi-Hamiltonian formulation for this equation constructed in [13] .
The Main Results
By a linear change of dependent variables a two-component system of evolution equations can be reduced to a system with the main matrix in Jordan canonical form 
Note that system (9) is homogeneous if we assign weightings of 0 to the dependent variables u and v, while x− and t− differentiation have weights 1 and 3, respectively. Theorem 2.1. Any nonlinear non triangular system (9), having a symmetry of order seven, up to scalings of t, x, u, v can be transformed to the following system:
This new system has a remarkably unusual behavior too. The only known nonlinear equation admit nontrivial operator of degree > 7. indeed, it does not possess symmetries of orders (at least) 5 and 15. It belongs to the first known symmetry hierarchy that starts with the following sequence of order 3, 7, 9, 11, 13, 17... and also doesn't admit any reduction to any of KdV, mKdV, pKdV or Burgers equations. Proposition 2.2. The infinite hierarchy of System (10) have infinite conserved densities together suffice to write two Magri [9] schemes :
with the compatible pair of Hamiltonian operators
where
The explicit form of α i and β i are given in the appendix. Almost all of the known integrable models possess linear Lax pairs. However in the literature, there is no systematic way of finding whether a given evolution equation possesses a Lax representation and how one can construct the operators L, and M. For the system (10) we shall consider the case where our candidate Lax pair is a differential operator
Here α = α(u, v, u x , v x , ...) and β = β(u, v, u x , v x , ...) are the dependent variables and i, j = 1, 2, 3, ... . Now the major problem is to find appropriate analytic functions α i and β j that satisfy the integrability condition (6) . From the order of the system (10) it is easy to see that we must assign i = 3
By assuming that α 0 and β 0 are nonzero constants, We carry out the calculations For cases j = 1, 2, 3, . . . according to (6) . After lengthy calculations, the integrability condition (6) can lead to the following Lax pair:
Using the previous result we will state a conjecture about the existence a hierarchy of infinitely many Lax operators of the new system. Conjecture 2.3. Consider the differential operators
Then it can be further proved that the operator equation
where O is the zero operator, is equivalent to the system (10) in the sense that both sides of the equation turn out to be operators of multiplication by a function. So the system (10) admits a hierarchy of infinitely many Lax operators that satisfy the condition [L n , L m ] = 0.
Appendix
The explicit form of α i and β i are : 
